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Abstract
The purpose of this paper is to give sense to the residue of the distribution (P i0), when =−n=2−k; k=0; 1; 2; : : : ;
under certain conditions of n; p and q: This will be posible using a relation between the distribution (k)(P i0) and the
residue of (P  i0): c© 1999 Elsevier Science B.V. All rights reserved.
MSC: 46
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1. Introduction
Let x = (x1; : : : ; xn) be a point of the n-dimensional Euclidean Space Rn: Consider a nondegenate
quadratic form in Rn:
P = P(x) = x1 +   + xp − xp+1 −    − xp+q; (1)
where p+ q= n:
The distributions (P  i0) are dened by
(P  i0) = lim
!0
(P  ijxj2); (2)
where > 0;  is a complex number and jxj2 = x21 +   + x2n:
From [4], formulae (2) and (20), we have
(P  i0) = P+ + eiP−; (3)
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where
P+ =

P if P>0;
0 if P< 0
(4)
and
P− =

0 if P> 0;
(−P) if P60: (5)
The distributions (P  i0); considered in (2) is an holomorphic (distribution-valued) function of ,
everywhere except in points of the form  = −(n=2) − k; where k is a nonnegative integer. Such
points are rst-order poles of this distributions and ([4, p. 276]):
res
=−(n=2)−k
(P  i0) = e
i(q=2)n=2
4kk! (n=2 + k)
Lk; (6)
where
L=
@2
@x21
+   + @
2
@x2p
−    − @
2
@x2p+1
−    − @
2
@x2p+q
: (7)
Gel’fand and Shilov did not study the special case of  being a negative integer, which is a simple
pole of the distribution, in detail. This has been done by Jager and Bresters [3].
The purpose of this paper is to give relationships between the distribution (k)((P  i0)) ([1, p.
344]) and the distribution (P  i0) under certain conditions when =−(n=2)− k:
2. The distributions P+ and P

−
In this section, we will study dierent ways to express P+ and P

− in the distributional sense.
We know, from [4, p. 254, Eq. (10)], that the following formulaes are valid:
(P+; ’) =
1
4
Z 1
0
u+((p+q)=2)−1
 Z 1
0
(1− t)t(q−2)=2 1(u; tu) dt
!
du (8)
and from Gel’fand and Shilvov [4, p. 269, Eq. (47)]
(P−; ’) =
Z
P<0
(−P(x))’(x) dx: (9)
Now, making the bipolar change of variable (see [4, p. 253])
x1 = r!1; : : : ; xp = r!p; xp+1 = s!p+1; : : : ; xp+q = s!p+q: (10)
we obtain
(P−; ’) =
Z 1
0
Z s
0
(−1)(r2 − s2)rp−1sq−1 (r; s) dr ds; (11)
where
 (r; s) =
Z
’ d
p d
q: (12)
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Putting u= r2 and v= s2 we obtain
(P−; ’) = (−1)
Z 1
0
Z v
0
(u− v)u(p−1)=2v(q−1)=2 1(u; v) du2u1=2
dv
2v1=2
; (13)
where
 1(u; v) =  (r; s) (14)
so
(P−; ’) =
(−1)
4
Z 1
0
Z v
0
(u− v)u(p−2)=2v(q−2)=2 1(u; v) du dv: (15)
Making the change of variable u= tv, the last expression becomes
(P−; ’) =
1
4
Z 1
0
v+(p+q−2)=2
 Z 1
0
(1− t)t(p−2)=2 1(tv; v) dt
!
dv: (16)
Similarly, from the above formulae, (16) can be written in the following form:
(P−; ’) =
(−1)+1
4
Z 1
0
u+(p+q−2)=2
 Z 1
0
(1− t)t(q−2)=2 1(u; tu) dt
!
du: (17)
From (8), (16) and (17), we have
(P+; ’) =
Z 1
0
u+((p+q)=2)−1 q(u) du (18)
and
(P−; ’) =
Z 1
0
u+((p+q)=2)−1 p(u) du; (19)
where
q(u) =
1
4
Z 1
0
(1− t)t(q−2)=2 1(u; tu) dt (20)
and
p(u) =
1
4
Z 1
0
(1− t)t(p−2)=2 1(u; tu) dt: (21)
Using (17) and (20) we have
(P−; ’) = (−1)+1
Z 1
0
u+((p+q)=2)−1 q(u) du: (22)
The distributions P+ and P

− have singularities in points of the form =−(n=2)− k or =−k; k =
0; 1; 2; : : : . In general, from Gel’fand and Shilov [4, p. 278], we know that
(k)(P+) = (−1)kk! res
=−k−1
P+ (23)
and similarly
(k)(P−) = (−1)kk! res
=−k−1
P−: (24)
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As the kind of singularity of  depends if the number n is odd or even, so if p and q are odd
and even. We can classify them as follows:
CaseP+:
] When p is odd and q is even: =−k, and =−(n=2)− k; k = 0; 1; 2; : : : are simple poles. So
we have
res
=−k
P+ =
(−1)k−1(k−1)1 (P)
(k − 1)! [4; p: 352]; (25)
and
res
=−n=2−k
P+ =
(−1)q=2n=2
4k (n=2 + k)k!
Lk(x) [4; p: 352]: (26)
] When p is even and q is odd: =−k; k = 0; 1; 2; : : : ; are simple poles. So we have
res
=−k
P+ =
(−1)k−1(k−1)1 (P)
(k − 1)! [4; p: 352]: (27)
In this case, we observe from [4, p. 260], that P+ is regular in  = −(n=2) − k; k = 0; 1; 2; 3; : : : .
Therefore
res
=−(n=2)−k
P+ = 0: (28)
] When p is odd and q is even: =−k; and =−(n=2)− k are simple poles with
res
=−k
P+ =
(−1)k−1(k−1)1 (P)
(k − 1)! (29)
and
res
=−(n=2)−k
P+ =
(−1)q=2(n=2)
4kk! ((n=2) + k)
Lk(x): (30)
] When p is even and q is even:  = −(n=2) − k; k = 0; 1; 2; : : : are simple poles, but we use
dierent expressions for the residue
res
=−k
P+ =
(−1)k−1(k−1)1 (P)
(k − 1)! ; k <
n
2
(31)
and
res
=−(n=2)−k
P+ =
(−1)(n=2)+k−1((n=2)+k−1)1 (P)
 ((n=2) + k)
+
(−1)q=2(n=2)
4kk! ((n=2) + k)
Lk(x): (32)
] When p and q are both odd: =−k (k < (n=2)) are simple poles; and =−(n=2)−k; k=1; 2; : : : ;
are poles of order 2. So
res
=−k
P+ =
(−1)k−1(k−1)1 (P)
(k − 1)! ; k>
n
2
(33)
and in the case of the poles of order 2 we have
c(k)−1 =
(−1)(n=2)+k−1(n=2)+k−11 (P)
 ((n=2) + k)
+
(−1)(q+1)=2(n=2)
4kk! ((n=2) + k)

	

p
2

−	

n
2

Lk(x) (34)
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and
c(k)−2 =
(−1)(q+1)=2(n=2)−1
4kk! ((n=2) + k)
Lk(x); (35)
where c(k)−1 and c
(k)
−2 are the coecients of the Laurent series of the holomorphic functions P

+ devel-
oped in those points. And
	(x) =
 0(x)
 (x)
(36)
and
	(k) =−C + 1 + 1
2
+   + 1
k − 1 ;
where C is the Euler’s constant.
Case P−.
] When p is even and q is odd: =−(n=2)− k and =−k; k = 0; 1; 2; : : : ; are simple poles; so
res
=−(n=2)−k
P− =
(−1)(p=2)+k(n=2)
4kk! ((n=2) + k)
Lk(x) (37)
and
res
=−k
P− =
(k−1)2 (P)
(k − 1)! =
(−1)k−1
(k − 1)!
(k−1)
1 (−P); (38)
where we have used the relations between (k−1)1 (−P) and (k−1)2 (P); see [4, p. 251] in fact
(k−1)1 (−P) = (−1)k−1(k−1)2 (P): (39)
] When p is odd and q is even: =−k are simple poles, and
res
=−k
P− =
(k−1)1 (−P)
(k − 1)! : (40)
In this case, =−(n=2)− k; k = 0; 1; 2; : : : are regular points as in the case of P+; so
res
=−(n=2)−k
P− = 0 (41)
] When p and q are both even: =−k; k = 0; 1; 2; : : : are simple poles; but
res
=−k
P− =
(k−1)1 (−P)
(k − 1)! ; k <
n
2
(42)
and
res
=−k
P− =
((n=2)+k−1)2 (P)
 ((n=2) + k)
+
(−1)(p=2)+k(n=2)
4kk! ((n=2) + k)
Lk(x); k>
n
2
: (43)
] When p and q are both odd: =−1;−2; : : : ;−(n=2)− k; are simple poles when k < (n=2), and
=−(n=2)− k; k = 1; 2; : : : are poles of order 2, so
res
=−k
P− =
(k−1)2 (P)
(k − 1)! =
(−1)k−1(k−1)1 (−P)
(k − 1)! (44)
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and
c(k)−1 =
((n=2)+k−1)2 (P)
 ((n=2) + k)
+
(−1)((p+1)=2)+k(n=2)
4kk! ((n=2) + k)

	

q
2

−	

n
2

Lk(x); (45)
when 	(x) was dened in (36) and
c(k)−2 =
(−1)1=2(p+1)+1+k(n=2)−1
4kk! ((n=2) + k)
Lk(x): (46)
3. The distributions (P  i0)
The aim of this section is to give an integral representation of the distributions (P  i0): Those
distributions were dened by expression (2).
Using formulaes (3), (18) and (19) we can write
h(P  i0); ’i=
Z 1
0
u+((p+q)=2)−1 qFp(u) du; (47)
where
qFp(; u) = ( q(u) + ei p(u)): (48)
Finally, using (17), we can write
h(P  i0); ’i= c
Z 1
0
u+((p+q)=2)−1 q(u) du; (49)
where
c = [(−1)+1 + ei]: (50)
Using formulae (49), we are able to prove that the residium of (P i0) in the points of the form
 =−k; k = 0; 1; 2; : : : is zero. In fact, from (20), q(u) has a simple point in  =−k, so we can
develop in Laurent series the function in a neighborhood of =−k so that we can write
q(u) =
0(u)
+ k
+ 1(; u); (51)
where
0 = res
=−k q
(u) = lim
!−k
(+ k) q(u)
and 1(; u) is a regular function in =−k:
Inserting (51) in (49) we have
h(P  i0); ’i= c
Z 1
0
u+((p+q)=2)−1

0(u)
+ k
+ 1(; u)

du;
h(P  i0); ’i= c
+ k
Z 1
0
u+((p+q)=2)−10(u) du+ c
Z 1
0
u+((p+q)=2)−11(; u) du:
(52)
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When n is odd or n is even but k < (n=2); from (52) we obtain
res
=−k
h(P  i0); ’i= lim
!−k
h(+ k)(P  i0); ’i
= lim
!−k

c
Z 1
0
u+((p+q)=2)−10(u) du

+ lim
!−k
(+ k)c
Z 1
0
u+((p+q)=2)−11(; u) du
=0:
Therefore,
res
=−k
h(P  i0); ’i= 0 when n is odd or n is even but k < n
2
: (53)
Notice that this property appears in [4, p. 278].
In the next section we will study the residue of (P  i0) in =−(n=2)− k; k = 0; 1; 2; : : : . We
are going to consider two cases: n odd and n even.
Case 1: n is odd.
1.1. p is odd and q is even: From (47) and taking into account formulae (48),(18) and (19), we
have
res
=−(n=2)−k
h(P  i0); ’i= res
=−(n=2)−k
1
4
Z 1
0
u+(n=2)−1 q(u) du
+ res
=−(n=2)−k
ei
(−1)+1
4
Z 1
0
u+(n=2)−1 p(u) du
= res
=−(n=2)−k
hP+; ’i+ ei(−(n=2)−k) res
=−(n=2)−k
hP−; ’i:
Now, using (30) and (41), we have
res
=−(n=2)−k
h(P  i0); ’i= ak; n(−1)q=2Lk; (54)
where
ak;n =
(n=2)
22kk! ((n=2) + k)
(55)
1.2. p is even and q is odd: From (47) and taking into account formulae (48),(28), (18) and
(19), we have
res
=−(n=2)−k
h(P  i0); ’i=ei(−(n=2)−k) res
=−(n=2)−k
hP−; ’i
=ei(−(n=2)−k)ak; n(−1)p=2(−1)khLk; ’i
=e(n=2)i(−1)p=2ak; nhLk; ’i
=i(−1)(q−1)=2ak; nhLk; ’i:
So
res
=−(n=2)−k
h(P  i0); ’i=eqi=2ak; nhLk; ’i;
where ak; n was dened in (55).
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Summarizing,
1. If p is odd and q is even,
res
=−(n=2)−k
h(P  i0); ’i= eqi=2ak; nhLk; ’i: (56)
2. If p is even and q is odd,
res
=−(n=2)−k
h(P  i0); ’i=eqi=2ak; nhLk; ’i: (57)
Case 2: n is even.
2.1. p and q are both even: From (47) and considering (32) and (43), we have
res
=−(n=2)−k
h(P  i0); ’i= res
=−(n=2)−k
hP+; ’i+ e(−(n=2)−k)i res
=−(n=2)−k
hP−; ’i
=
*
(−1)(n=2)+k−1
 ((n=2) + k)
((n=2)+k−1)1 (P) +
(−1)(n=2)+k
 ((n=2) + k)
((n=2)+k−1)2 (P)
+
(−1)(n=2)+k+q=2(n=2)
22kk! ((n=2) + k)
Lk+ (−1)(n=2)+k (−1)
p=2(n=2)(−1)k
22kk! ((n=2) + k)
Lk; ’
+
=
*
(−1)(n=2)+k
 ((n=2) + k)
[− ((n=2)+k−1)1 (P) + ((n=2)+k−1)2 (P)]
+
2(−1)q=2
22kk! ((n=2) + k)
Lk; ’
+
: (58)
On the other hand, in [2, p. 11], formula (II, 1, 5) had been proved that
(k)2 (P)− (k)1 (P) = (−1)kaq; n; kLk−(n=2)+1; (59)
where
aq; n; k =
(−1)q=2(n=2)
4k+1−(n=2)(k + 1− (n=2))! :
Therefore
res
=−(n=2)−k
h(P  i0); ’i=
*
(−1)q=2(n=2)
22kk! ((n=2) + k)
Lk; ’
+
: (60)
2.2. p and q are both odd: Using again (47), (32) and (43), we have
=
*
(−1)(n=2)+k−1
 ((n=2) + k)
((n=2)+k−1)1 (−P) +
(−1)(q+1)=2(n=2)−1
22kk! ((n=2) + k)

	

p
2

−	

n
2

Lk
+(−1)(n=2)+k
(
(−1)(n=2)+k+q=2
 ((n=2) + k)
((n=2)+k−1)1 (−P)
+
(−1)(q+1)=2(n=2)−1
22kk! ((n=2) + k)

	

q
2

−	

n
2
)
(−L)k; ’
+
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=
*
(−1)(n=2)+k
 ((n=2) + k)
[((n=2)+k−1)2 (P)− ((n=2)+k−1)1 (P)]
+
(−1)(q+1)=2(n=2)−1
22kk! ((n=2) + k)

	

q
2

−	

p
2

Lk; ’
+
:
Taking into account formulae (II,1,8), from Aguirre Tellez [2, p. 11], in fact
(k)2 (P)− (k)1 (P) = (−1)kbk; q; n

	

p
2

−	

q
2

Lk−(n=2)+1;
where
bk;n;q =
(−1)1=2(q+1)(n=2)−1
4k−(n=2)+1(k − (n=2) + 1)!
we have
res
=−(n=2)−k
h(P  i0); ’i=
*
(−1)(n=2)+k
 ((n=2) + k)
(
(−1)(n=2)+k−1(−1)(q+1)=2(n=2)−1
4(n=2)−1−(n=2)+1+k((n=2) + k − 1− (n=2) + 1)!


	

p
2

−	

q
2

L(n=2)+k−1−(n=2)+1; ’

=
*
(−1)(−1)(q+1)=2(n=2)−1
 ((n=2) + k)22kk!

	

p
2

−	

q
2

Lk
+
(−1)(q+1)=2(n=2)−1
 ((n=2) + k)22kk!

	

p
2

−	

q
2

Lk; ’
+
=0:
4. The main result
In this section we are going to give sense to
res
=−k−1
(P  i0)
where k>(n=2)− 1; k = 0; 1; 2; : : : and n, p and q are all even.
To obtain the result we need the following formulae:
(k)(P  i0) = f(k)(P+) + ei(k+1)(k)(P−)g [1; p: 345; formulae (4:5)]: (61)
Theorem 1. Let k be a nonnegative integer such that k>(n=2); where n is the dimension of the
space. If n is even; the following formula is valid:
res
=−k−1
(P  i0) = (−1)
k
k!
(k)(P  i0); (62)
when p and q are both even.
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Proof. Taking into account (3), we can write
res
=−(n=2)−h
h(P  i0); ’i= res
=−(n=2)−h
hP+; ’i+ eij=−(n=2)−h res
=−(n=2)−h
hP−; ’i:
As k>(n=2)− 1; h= k − (n=2)+ 1 is a nonnegative integer, and =−k − 1: So we can rewrite the
last expression as follows:
res
=−k−1
h(P  i0); ’i= res
=−k−1
hP+; ’i+ e(−k−1)i res
=−k−1
hP−; ’i:
Using (60), (23) and (24), we have
(Lk−(n=2)+1; ’) = c−1k−(n=2)+1;n res=−k−1
h(P  i0); ’i
= c−1k−(n=2)+1;n
"
(−1)k
k!
(k)(P+) +
(−1)k+1
k!
(−1)k(k)(P−)
#
= c−1k−(n=2)+1;n
"
(−1)k
k!
(k)(P+)− 1k!
(k)(P−)
#
=
c−1k−(n=2)+1;n
k!
[(−1)k(k)(P+)− (k)(P−)];
where
ck−(n=2)+1;n =
(−1)q=2(n=2)
22(k−(n=2)+1)(k − (n=2) + 1)! (k + 1) :
Applying formulae (61), we have
(Lk−(n=2)+1; ’) = c−1k−(n=2)+1;n res=−k−1
h(P  i0); ’i
=
c−1k−(n=2)+1;n(−1)k
k!
(k)(P  i0):
Or equivalently we obtain (62)
res
=−k−1
(P  i0) = (−1)
k
k!
(k)(P  i0):
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